Abstract. We derive the new quasi-classical equation for the description of the spin evolution of a neutrino propagating in a curved space-time and interacting with a background matter and an external electromagnetic field. This equation is used to analyze neutrino spin oscillations in these external backgrounds. We obtain the effective Hamiltonian and the transition probability for oscillations of neutrinos when they move in the vicinity of a rotating black hole, surrounded by an accretion disk, and interact with an external magnetic field. The appearance of new resonances in neutrino spin oscillations in this system is considered. The approximate treatment of spin oscillations of radially propagating ultra high energy neutrinos is developed. We also discuss the applications of our results to the description of neutrino spin oscillations in realistic astrophysical media.
Introduction
Neutrinos is an important ingredient of various astrophysical and cosmological media [1] . Despite their weak interaction with other particles, neutrinos can significantly affect the last stages of the evolution of massive stars. If the mass of a star is ∼ (10 − 25) solar masses, it can form a neutron star through a core-collapsing supernova stage with the emission of 99 % of the initial gravitational energy in the form of neutrinos [2] . Such a dense neutrino flux is sure to influence the dynamics of the collapse [3] . A more massive star can become a black hole (BH). A space-time around BH has an essentially nontrivial geometry leading to the generation of a strong gravitational field, which, in its turn, can significantly affect the behavior of emitted neutrinos.
For the first time the influence of a spherically symmetric gravitational field on the propagation of massless neutrinos, described in frames of the Lee and Yang theory, was considered in ref. [4] . Since then a great number of works on this subject, mainly in the context of neutrino oscillations, have been published. Firstly, we mention ref. [5] , where the effect of a weak gravitational field was accounted for in the phase of the neutrino wave function. On the basis of this approach the neutrino spin-flip owing to the gravity interaction was considered. The similar idea was used in refs. [6, 7] to include various neutrino mass eigenstates, the interaction with a background matter and an external electromagnetic field. The evolution of a single neutrino mass eigenstate in presence of a gravitational field was described by the classical Hamilton-Jacobi equation in refs. [6, 7] . This approach was recently applied in ref. [8] to study neutrino oscillations in frames of the modified theory of gravity.
Although it was experimentally proven that there are several neutrino mass eigenstates and they are mixed (see, e.g., ref. [9] ), still the problem of the neutrino spin-flip within one mass eigenstate, or neutrino spin oscillations, is of importance. The change of the neutrino helicity, which converts an active left-polarized neutrino into its sterile right-polarized counterpart, can be observable if other channels of neutrino oscillations are suppressed.
A quasi-classical approach for the description of the evolution of a spinning particle in a gravitational field, different form that proposed in ref. [5] , was developed in ref. [10] . The basic equations of this approach were modified in ref. [11] to exclude the influence of the spin on the particle trajectory. The basic equations derived in ref. [11] were applied in refs. [12, 13] for the analysis of neutrino spin oscillations in gravitational fields of various configurations.
In the present work we continue our previous studies of gravity induced neutrino spin oscillations. We generalize the basic equation for the description of the neutrino spin evolution derived in ref. [12] to include the neutrino interaction with an external electromagnetic field and a background matter when a particle moves in a curved space-time. Although a neutrino is an electrically neutral particle, it may interact with an electromagnetic field by its anomalous magnetic moments [14] . Note that the quasi-classical approach for the description of neutrino spin oscillations in matter and an electromagnetic field in the flat space-time was developed in refs. [15, 16] . This paper is organized as follows. In section 2 we generalize the covariant equation for the neutrino spin evolution in a curved space-time in a way to include the neutrino interaction with background matter. We also rewrite this equation in the more convenient form for the three vector of the neutrino spin. In section 3 we discuss the neutrino motion in the gravitational field of a rotating BH surrounded by an accretion disk and embedded into a magnetic field. First, we consider the neutrino motion around BH on a circular orbit with an arbitrary radius and derive the transition probability for spin oscillations in this case. Then, we study ultra high energy (UHE) neutrinos which propagate almost radially from BH. The approximate effective Hamiltonian for spin oscillations of these particles is derived. We analyze the dynamics of spin oscillations for several particular neutrino trajectories in section 4. Finally, in section 5, we briefly summarize our results.
Covariant description of the neutrino spin evolution
In this section we shall construct the quasi-classical approach for the description of the spin evolution of a Dirac neutrino moving in a background matter under the influence of electromagnetic and gravitational fields. In particular, we generalize the neutrino spin evolution equation in matter and electromagnetic fields to include the effects of the nontrivial geometry of space-time.
Let us first remind the basic description of the neutrino spin evolution when a particle propagates in the flat space-time and interacts with a background matter and an external electromagnetic field F µν . Assuming the forward scattering approximation, the covariant equation for the four vector of the neutrino spin, S µ , has the form [15] ,
where U µ is the neutrino four velocity, τ is the interval, µ is the neutrino magnetic moment, ε µνλρ is the absolute antisymmetric tensor in the Minkowski space with ε 0123 = 1, and G F is the Fermi constant. In this approximation the neutrino four velocity is constant. The interaction with a background matter is characterized by the four vector G µ , which is a linear combination of hydrodynamic currents, J µ f , and polarizations, Λ µ f , of background fermions of the type f ,
We shall express J µ f using the invariant number density (i.e. the density in the rest frame of fermions), n f , and four velocity, U µ f , of background fermions:
The explicit expression of Λ µ f is given in ref. [16] . The coefficients q (1,2) f in eq. (2.2) were found in ref. [15] . In case we study the propagation of ν e in matter consisting of electrons, protons, and neutrons these coefficients take the form,
where
L3 is the third component of the weak isospin of type f fermions, Q f is the value of their electric charge, θ W is the Weinberg angle, δ ef = 1 for electrons and vanishes for protons and neutrons. To get these coefficients for ν µ,τ interactions with the same background fermions, we should put the symbol δ ef to zero in eq. (2.3).
The dynamics of the spin of an elementary particle in presence of a gravitational field was studied in ref. [11] . To account for the influence of a nontrivial space-time geometry one should replace d/dτ → D/Dτ in eq. (2.1), where D/Dτ is the covariant derivative along the world line. The evolution of a spin associated with the magnetic moment interaction with an external electromagnetic field in a curved space-time was studied in ref. [17] .
The most straightforward generalization of the contribution of the neutrino-matter interaction in presence of an external gravitational field consists in the replacement ε µνλρ → E µνλρ in eq. (2.1), where
ε µνλρ is the covariant antisymmetric tensor in a curved spacetime and g = det(g µν ) is the determinant of the metric tensor g µν . Eventually we get the evolution equation for the spin of a neutrino propagating in a background matter and interacting with external electromagnetic and gravitational fields,
We should also remind that, despite we use the forward scattering approximation, the trajectory of a neutrino is no longer a straight line while a particle moves in a curved space-time.
To account for the deflection of a trajectory one should consider the geodesic equation for the evolution of the four velocity, f , is related to the invariant fermion polarization (the polarization in the frame where fermions are at rest), which is a three vector, ζ f , by
, is the four velocity of background fermions in the vierbein frame.
Although eqs. (2.4) and (2.5) can be used to describe the evolution of the neutrino spin, it is more convenient to rewrite them in the vierbein frame introducing s a = e a µ S µ and u a = e a µ U µ = (u 0 , u). Using eq. (2.4) we get the evolution equation for s a in the following form:
where G ab = η ac η bd γ cde u e is the antisymmetric tensor accounting for the gravitational interaction of neutrinos, γ abc = η ad e d µ;ν e µ b e ν c are the Ricci rotation coefficients, the semicolon stays for a covariant derivative, γ = U 0 , g a = e a µ G µ = (g 0 , g) is the effective potential of the matter interaction in the vierbein frame, and f ab = e µ a e ν b F µν = (e, b) is the electromagnetic field tensor in the vierbein frame. To derive eq. (2.9) we use the fact that ε abcd = e a µ e b ν e c λ e d ρ E µνλρ . We can also reformulate the dynamics of U µ in the vierbein frame. One can obtain the following evolution equation for u a :
The details of the derivation of eqs. (2.9) and (2.10) can be found in refs. [11, 12] . Analogously to eq. (2.8) we express s a in terms of the three vector of the neutrino spin, ζ,
Using eqs. (2.9) and (2.11) one finds the evolution equation for ζ as
Here e g and b g are the components of the tensor G ab : G ab = (e g , b g ). To derive eq. (2.13) we use the fact that u a u a = 1.
3 Neutrino propagation in the vicinity of a rotating black hole
In this section we describe the dynamics of neutrino spin oscillations in matter and magnetic field when a particle moves in the vicinity of a rotating BH. First, we shall consider circular neutrino motion and derive the effective Schrödinger equation as well as find the transition probability for spin oscillations. Then, we shall analyze the radial neutrino propagation and obtain the approximate effective Hamiltonian in this case. The space-time of a rotating BH can be described by the Kerr metric. In BoyerLindquist coordinates x µ = (t, r, θ, φ) this metric has the form,
We use units where the gravitational constant is equal to one. In this case the mass of BH M = r g /2 and its angular momentum J = M a. Coordinates x µ in eqs. (3.1) and (3.2) correspond to the world frame rather than to the vierbein frame.
One can check by means of the direct calculation that the following vectors:
satisfy the condition in eq. (2.7). Thus they can be taken as vierbein vectors. On the basis of eq. (3.3), one can reproduce the vierbein vectors used in ref. [12] . Those vectors correspond to a = 0, i.e. to a nonrotating BH.
We shall discuss the case of BH surrounded by matter forming an accretion disk. In this case only U 0 f and U φ f are nonzero. Moreover we shall consider the stationary accretion. By the symmetry reasons, the quantities n f , U 0 f , and U φ f can be functions of r and θ only. Now let us specify the structure of the electromagnetic field. We suggest that at relatively great distance from BH there is a constant and uniform magnetic field parallel to the rotation axis of BH and having the strength B 0 . This magnetic field can be created by the plasma motion in the accretion disk. The structure of the axially symmetric electromagnetic field in a curved space-time having such an asymptotics was studied in ref. [18] . The nonzero components of the vector potential of such a field have the form,
The electric and magnetic field strengths can be calculated on the basis of eq. (3.4) as
Note that we do not study the modification of the metric in eq. (3.1) by the external electromagnetic field, as it was considered in ref. [19] . Using eqs. (2.13) and (3.3) we can describe the neutrino spin evolution for an arbitrary neutrino trajectory in the gravitational field of a rotating BH. However to proceed in analytical analysis first we shall study the circular neutrino motion in the equatorial plane, i.e. when U θ = 0, θ = π/2, and U r = 0. Then the components of the four velocity have the form,
where Ξ 0 = Ξ(θ = π/2) = r 4 + a 2 r(r + r g ). Just for simplicity we shall consider that background matter is unpolarized. It is the case when the temperature of background fermions is sufficiently high. Analogously to eq. (3.5) we get that the neutrino interaction with background fermions is described by the four vector,
is the effective number density. In eqs. (3.6) and (3.7) we assume that all types of background fermions have the same four velocity. Using eq. (3.3) and the formalism developed in ref. [12] , we get the nonzero components of the vectors e g and b g as
Note that, if we consider the limit a → 0, eq. (3.8) reproduces the result of ref. [12] , where neutrino spin oscillations in the Schwarzschild metric were studied. On the basis of eqs. (3.3) and (3.4) we get the nonzero components of electromagnetic field in the vierbein frame,
It should be noted that, if we study a rotating BH (a = 0), there is a nonzero electric field in the system (see also ref. [18] ). To find the explicit expressions for U 0 and U φ we notice that in the circular neutrino motion u 1 = u 2 = 0 in eq. (3.5), i.e. a neutrino moves along the straight line in the vierbein frame. Using the fact that u a u a = 1 and eq. (2.10) we get the following expressions for the remaining nonzero components of u a : 10) which completely define the neutrino four velocity. Finally, using eqs. (3.8) and (3.10), we get that
where x = r/r g and α = a/r g . The upper sign refers to the direct orbits, i.e. when a neutrino corotates with BH, and the lower sign corresponds to retrograde ones (a particle counter-rotates). Note that eq. (3.11) coincides with the analogous expression obtained in ref. [20] on the basis of the direct solution of the geodesic eq. (2.5). We also mention that the more general description of the test particles dynamics in the Kerr metric is given in ref. [21] . That analysis covers the motion of both massive and massless test particles on a wide range of trajectories which include not only equatorial circular orbits. Basing on eq. (2.12) we can reformulate the neutrino spin dynamics in the form of the effective Schrödinger equation, 12) where the components of the wave function ν T = (ν + , ν − ) describe different neutrino helicity states: ν + corresponds to ζ parallel to u and ν − stays for ζ antiparallel to u. The effective Hamiltonian in eq. (3.12) has the form, H eff = −(σΩ), where σ = (σ 1 , σ 2 , σ 3 ) are the Pauli matrices and Ω is the vector with the nonzero components,
To derive eq. (3.13) we use eqs. (3.5)-(3.11).
Supposing that B 0 and n eff do not depend on time, we can solve eq. (3.12) analytically. Assuming that initially only left-polarized neutrinos are present, i.e. ν T (0) = (0, 1), we get the probability to detect a right-polarized neutrino in the form,
where 15) are the amplitude and the oscillations length. Now we can compare our results with the findings of previous works where neutrino oscillations in gravitational backgrounds were studied. Neutrino spin oscillations in the combination of the gravitational field of a nonrotating BH, described by the Schwarzschild metric, and a homogeneous magnetic field were studied in ref. [22] . Setting a = 0 and n eff = 0 in eqs. (3.13)-(3.15) we reproduce the result of that work.
Let us consider another class of the neutrino trajectories which imply the particle propagation from a region close to BH towards infinity. We shall assume that initially neutrinos are emitted radially. Note that, because of the symmetry reasons, a purely radial trajectory is allowed only if a particle propagates along the rotation axis of BH. However, if one studies an UHE particle, the deflection angle is small (see section 4 for the estimates). Therefore we can assume that U φ ≈ 0. As previously we shall study the equatorial neutrino motion, i.e. U θ = 0 and θ = π/2.
Using eqs. (3.1)-(3.3) we get the new components of the neutrino four velocity in the vierbein frame, 16) and the nonzero components of vectors e g and b g ,
The background matter and external electromagnetic field are supposed to have the same configurations (see eqs. (3.6) and (3.9)).
On the basis of eqs. (3.9), (3.16), and (3.17) we derive the components of the vector Ω, cf. eq. (3.13), as
,
where g 0 and g 3 and given in eq. (3.6). Note that one has to add the law of motion to eq. (3.18). On the basis of eq. (3.1) and supposing that neutrinos are ultrarelativistic, i.e. dτ ≈ 0, as well as θ = π/2 and dφ ≈ 0, we obtain that
Using this expression one gets the relation between U 0 and U r . Let us rewrite eq. (3.18) for UHE neutrinos, which have U 0 ≫ 1. Expanding eqs. (3.18) and (3.19) in this limit we get 20) where the parameters x and α are defined after eq. (3.11). Note that in eq. (3.20) we keep terms up to linear in α. In the next section we shall discuss some applications of our results.
Applications
In this section we discuss some applications of the results obtained in section 3. We shall study both circular orbits and the radial neutrino propagation. In particular, we consider neutrino oscillations on a circular orbit very close to BH, when the dynamics of the neutrino spin is determined mainly by the gravity interaction. We compare our results with the findings of previous works. Then we discuss the effect of the suppression of spin oscillations in case the neutrino interactions with gravitational and electromagnetic fields have the comparable strengths. Finally we consider the evolution of low energy neutrinos when both gravity, matter, and magnetic interactions equally contribute the dynamics of spin oscillations. Concerning radially propagating UHE neutrinos, first we shall demonstrate that the direct contribution of gravity to spin oscillations is small. Then we shall analyze the suppression of neutrino oscillations in a strong magnetic field and a relativistic accretion disk around a Kerr BH. First let us discuss a neutrino orbit close to BH. We also suppose that the contribution of gravity to the neutrino spin evolution is dominant. Using eq. (3.13), we get that this approximation is valid if
where µ B is the Bohr magneton and M ⊙ = 2 × 10 33 g is the solar mass. Note that, in the considered case, oscillations are in resonance since P max ≈ 1. Using eq. (3.15) we get that
It is interesting to compare eq. (4.2) with the analogous expression found in ref. [13] , where neutrino spin oscillations in Kerr background were studied. There is a significant discrepancy of L osc in eq. (4.2) and L osc found in ref. [13] for orbits corresponding to small x ∼ 1. Nevertheless the asymptotic value of L osc at x ≫ 1, derived in our work, coincides with the result of ref. [13] . Such a discrepancy of the results may be explained by the fact that the authors of ref. [13] seemed to adopt the incorrect law of motion of a neutrino on a circular orbit, cf. ref. [20] . Moreover, apparently only counter-rotating neutrinos were taken into account in ref. [13] .
In figure 1 we present the dependence πr g /L osc = |Ω 2 |r g versus x = r/r g for different values of α. It can be seen that for retrograde orbits the maximal value of |Ω 2 | decreases with α, whereas for direct orbits this value increases with α.
If we discuss the maximal possible angular momentum of BH corresponding to α = 1/2, we get from figure 1 that for a direct neutrino orbit with r ≈ r g , the frequency of neutrino spin oscillations reaches its maximal value Ω Note that for α = 1/2 the minimal possible radius of a stable retrograde orbit is equal to r min = 4.5r g [20] . Therefore the obtained Ω − 2 corresponds to an unstable orbit. In case of a direct orbit r min → r g /2. In figure 1 we get that in this case Ω 2 = 0. Now let us consider the neutrino spin evolution under the influence of both gravitational and external magnetic fields. Using eqs. (3.13)-(3.15), one finds that at certain strength of the magnetic field, neutrino spin oscillations can be suppressed. It happens when Ω 2 = 0. Of course, here we assume that the density of background matter is small but nonvanishing for the total Hamiltonian to be nonzero. Let us discuss the case when a neutrino corotates with BH and µ < 0. In figure 2 we show such a radius of the neutrino orbit R ν , at which Ω 2 = 0, versus the absolute value of the parameter β = µB 0 r g . Here we consider a particular case corresponding to α = 1/2.
To get some estimates, we take that the BH mass M = 10M ⊙ and the neutrino magnetic moment |µ| = 10 −12 µ B . This value of µ is consistent with the astrophysical upper bound for the magnetic moment of a Dirac neutrino derived in ref. [23] . Using figure 2 , we obtain that, The radius of the neutrino orbit R ν corresponding to the suppression of neutrino spin oscillations (Ω 2 = 0) versus the absolute value of β = µB 0 r g . This plot was built for a direct neutrino orbit, µ < 0, and α = 1/2.
at B 0 ∼ (10 9 − 10 10 ) G, spin oscillations can be suppressed for a neutrino moving close to BH on the orbit with R ν ∼ r g . It should be noted that for other types of the neutrino motion, e.g., corresponding to retrograde orbits, Ω 2 always differs from zero, i.e. the described suppression does not take place.
Let us consider the situation when the matter contribution to the dynamics of neutrino oscillations is significant. At this moment we have to specify the law of motion of background fermions in an accretion disk. We discuss the situation when the motion of background fermions is affected mainly by the gravity. It can happen if the magnetic field in the system is weak. Thus, the fermions should move along geodesic lines. Using eq. (3.13) and the analog of eq. (3.11) for U 0 f and U φ f , one gets that the resonance in neutrino oscillations (i.e., the situation when Ω 3 ≈ 0) can take place when the accretion disk and neutrinos rotate in the same direction. If this situation is implemented, neutrinos and background fermions are at rest with respect to each other. In other cases neutrino oscillations are suppressed. Now we discuss the case when the contributions to the dynamics of spin oscillations from both matter, a magnetic field, and the gravity are of the similar size. In this situation we have to study large neutrino orbits. Note that background fermions, which can be electrically charged, should be also involved in the electromagnetic interaction. Thus the motion of the fermions can be far from geodesics. Therefore we have to account for their law of motion relying on a phenomenological model of an accretion disk. We can suppose that background matter is nonrelativistic and rotates with the constant angular velocity, i.e. U µ f = (1, 0, 0, ω f ). Other models of accretion disks are described in the recent review [24] .
At large distance from BH the components of the vector Ω have the form,
Using eqs. (3.15) and (4.3) we get that the resonance in neutrino oscillations is achieved when a particle moves on the direct orbit with
In this case we obtain the following expression for the oscillations length:
on the basis of the general expression (3.15). Let us consider BH with M = 10M ⊙ surrounded by an accretion disk with the inner R in ≈ 1.6R ⊙ and outer R out ≈ 8R ⊙ radii (see, e.g., ref. [25] ), where R ⊙ = 7 × 10 10 cm is the solar radius. Suppose that a low energy neutrino moves inside this accretion disk on the orbit with R ν = 5R ⊙ . We also assume that accretion disk rotates with ω f ≈ 2 × 10 −8 r −1 g . In this case background matter is nonrelativistic since its velocity does not exceed ω f R out ≈ 3.7 × 10 −3 . For such a parameters of an accretion disk, the resonance condition in eq. (4.4) is fulfilled. It should be noted that, for the chosen parameters, the BH rotation weakly affects the resonance condition and the expression of the oscillations length in eqs. (4.4) and (4.5).
Analogously to the previous estimate, we suppose that µ = 10 −12 µ B . We also assume that the magnetic field on the neutrino trajectory is B 0 = 10 G. It means that in the vicinity of BH the magnetic field should reach B 0 (R ν /r g ) 3 ≈ 1.6 × 10 16 G. For such parameters we get that µB 0 ≈ ω f /2, i.e. magnetic interaction can also influence neutrino spin oscillations.
Note that magnetic fields ∼ 10 16 G can be present in some compact astrophysical objects (see, e.g., ref. [26] ). Using eq. (4.5) we get the typical time for the neutrino spin-flip T sf ≈ 1.3 × 10 4 s ∼ 10 −3 yr for the chosen parameters. This time scale of neutrino oscillations is much shorter than characteristic time of the strong magnetic field decay found in ref. [26] . Thus, neutrinos will experience multiple transitions between active and sterile states.
The most probable application of spin oscillations of neutrinos moving on closed orbits around BH is the description of low energy particles which can gravitationally cluster around massive astrophysical objects. Note that massive sterile neutrinos can contribute to warm dark matter [27] . Neutrinos can also interact with new bosonic dark matter particles. Although the form of this interaction is still unclear, there are some phenomenological models which involve only left-handed neutrino chiral projections (see, e.g., ref. [28] ). Therefore, if there are multiple transitions between left-and right-polarized states under the influence of gravitational and magnetic fields as well as background matter, as described in our work, the rates of interaction of such neutrinos with bosonic dark matter particles can be up to two times reduced. It can have an implication for the calculation of the mean free path of these neutrinos [28] .
As we have seen, the effects related to spin oscillations of neutrinos moving on closed orbits around BH are rather difficult to observe. Thus, let us study the situation when particles escape the BH region. The analytical description of spin oscillations is possible for UHE neutrinos since we can neglect the deflection of the trajectory. We can evaluate the deflection angle as δφ ∼ α/(E ν r g ). Taking M = 10M ⊙ , α = 0.5, and the neutrino energy E ν = 10 9 GeV, we get that δφ ∼ 10 −30 ≪ 1.
First, we shall consider the case when only the neutrino interaction with gravity is present. In this situation only Ω 2 = 0 in eq. (3.20) . The transition probability for ν + ↔ ν − oscillations can be calculated as 6) where the additional factor x ′ /(x ′ − 1) in the integrand is owing to the law of motion in eq. (3.19). To derive eq. (4.6) we take into account that, in the linear approximation in α, the neutrino trajectory in the vierbein frame is a straight line along the first axis. The function P (x) for x 0 = 1.5 is shown in figure 3 . Although the motion of a test particle in the Kerr metric is allowed even for smaller x, one should not choose the values of the initial radial coordinate in the range 0.5 < x 0 < 1.5 since the deflection of the trajectory can be significant. One can see in figure 3 that the maximal transition probability for α = 0.5 is ∼ 0.1%, that is small. Nevertheless, if one considers the neutrino emission from regions close the BH surface and accounts for the effects nonlinear in α, the resulting transition probability can reach significant values. However, this situation requires a special analysis of exact solutions of the geodesic equation (2.5) or (2.10).
Note that the description of the evolution of UHE neutrinos in external fields can be important for explanation of the deficit of UHE neutrinos in cosmic rays reported in ref. [29] . These UHE neutrinos can be emitted in gamma ray bursts or from active galactic nuclei, where both dense matter, strong magnetic and gravitational fields are present. Recently various possible solutions of the deficit of UHE neutrinos were proposed. Some of them are based on the attenuation of the neutrino flux because of the scattering off bosonic dark matter particles [28] , oscillations between active and hypothetical sterile neutrinos which are quasi-degenerate in masses [30] , and the neutrino decay [31] . A more plausible solution The transition probability for spin oscillations of radially moving neutrinos in the gravitational field of rotating BH. Here we take that x 0 = 1.5. The solid line corresponds to α = 0.5 and the dashed line to α = 0.25. The quantities P ∞ stay for the asymptotic values of the transition probability at x ≫ x 0 .
involves neutrino spin oscillations in strong magnetic fields [32] . The authors of ref. [32] used an important assumption of the small contribution of matter interaction to the neutrino spin evolution to obtaint the enhancement of the transition probability.
To analyze the neutrino spin precession in external fields more carefully, we shall consider UHE neutrinos produced in the vicinity of a rotating BH surrounded by an accretion disk. As we have seen, the direct gravity contribution to the dynamics of spin oscillations is small and can be omitted. Using eq. (3.20) as well as the analog of linearized eq. (3.11) for background fermions, we get the components of the vector Ω,
where the upper sign corresponds to corotating BH and an accretion disk and the lower sign to counter-rotating ones. Taking into account eq. (3.19), one gets the effective Schrödinger equation
Since UHE neutrinos propagate along the first axis in the vierbein frame, the normalized wave functions corresponding to right-and left-polarized states read, ν T ± = (1, ±1)/ √ 2. To analyze eq. (4.8) we assume that B 0 (x) = 10 12 G/x 3 . This dependence corresponds to a dipole magnetic field. The accretion disk is supposed to consist of hydrogen plasma with the mass density ρ = 10 2 g · cm −3 . Note that this value of the accretion disk density is rather moderate. Much denser disks are discussed in ref. [33] . BH is taken to have M = 10M ⊙ . We also suppose that µ = 10 −12 µ B and consider counter-rotating BH and the accretion disk.
The corresponding transition probabilities are shown in figure 4 . First we notice that the ratio of magnetic and matter interactions µB 0 (1)/G F n eff ∼ 10 3 . One may expect (as, e.g., in ref. [32] ) that the transition probability would be great since the matter interaction could be neglected. Indeed, one can see in figure 4 (b) that it is the case for a nonrotating BH since P ∞ ∼ 0.5. As an example, we also present the transition probability for a purely magnetic neutrino interaction in figure 4(a) , for which one has P ∞ ∼ 0.7. However, as one can see in figures 4(c) and 4(d), the transition probability can be significantly suppressed for a rotating BH. Therefore the statement of ref. [32] that the amplitude of neutrino oscillations is almost equal to one, does not seem to be fully correct since the neutrino interaction with a relativistic accretion disk can significantly diminish the transition probability in some cases.
Summary and discussion
In conclusion we mention that in the present work we have developed the most general approach for the description of neutrino spin oscillations in matter under the influence of gravitational and electromagnetic fields. This approach is valid for the description of neutrino oscillations in arbitrary gravitational and electromagnetic fields as well as in background matter with arbitrary configuration of velocities and polarizations.
In section 2 we have generalized the relativistic equation for the description of the neutrino spin evolution in various external fields. Previously the particle spin dynamics in an external field was studied in refs. [11, 12, [15] [16] [17] . However we have included to this equation the contribution of the neutrino interaction with background fermions by means of the electroweak forces when particles propagate in a curved space-time, cf. eq. (2.4). It should be mentioned that the connection of electroweak and gravitational interaction was also studied, e.g., in ref. [34] . Then we have rewritten this equation in the form, convenient for the description of the neutrino polarization, see eqs. (2.12) and (2.13).
It should be noted that in section 2 we supposed that a spinning particle moves along a geodesic line in a curved space-time, cf. eq. (2.5). In general case this approximation is not valid. This fact was first mentioned in ref. [10] . The analysis of the influence of the spin on the particle motion was further developed in ref. [35] using the pseudoclassical action in which the spin degrees of freedom are represented as Grassmann variables. Nevertheless, as was found in ref. [35] , in realistic cases, the deviation of the particle motion from geodesics is small. This problem was also analyzed in ref. [11] , where it was stated that considering the parallel transport of the spin along the particle world line is the only possibility to construct an evolution equation linear in the spin. We also mention that the effects of the spin-orbit coupling can be sizable for a supermassive BH inside a dense star cluster (see, e.g., ref. [36] ).
To proceed, in section 3, we have discussed the neutrino motion in the vicinity of a rotating BH surrounded by the accretion disk and in the presence of an external magnetic field. Supposing that a neutrino moves on a circular orbit, we have obtained the transition probability for spin oscillations, see eqs. (3.13)- (3.15) .
Spin oscillations of a Dirac neutrino in the Schwarzschild background under the influence of an external magnetic field were previously studied in ref. [22] using the approach, developed in ref. [37] to account for the Mashhoon effect [38] for a spin-1/2 particle in an external magnetic field. Choosing a suitable tetrade, the transition probability for neutrino oscillations was obtained in ref. [22] using the decomposition of the Dirac Hamiltonian. Note that the transition probability derived in ref. [22] for a circular neutrino orbit in the Schwarzschild metric is consistent with that obtained in our previous paper [12] .
The advantage of the description of neutrino spin oscillations based on the quasiclassical evolution eqs. (2.10) and (2.13) (see also refs. [11, 12] ) compared to the approach of ref. [22] consists in the fact that one does not need to deal with a Dirac equation in a curved spacetime. Within our formalism, the effective Hamiltonian, which is used for the description of neutrino oscillations, can be derived in a straightforward way if the components of a metric tensor are given.
Nevertheless, as we have mentioned in section 3, the results obtained in the present work are in agreement with that of ref. [22] , if we discuss a nonrotating BH and neglect the neutrino interaction with background matter. However, since here we have described neutrino oscillations in more general backgrounds, our results should have wider applicability for the studies of the neutrino evolution in realistic astrophysical media such as BHs in binary systems, quasars, and active galactic nuclei.
In section 3, we have also developed an approximate treatment of spin oscillations of UHE neutrinos supposing that these particles propagate radially. We have obtained the components of the vector Ω which determine the effective Hamiltonian. This result is used in section 4 to study spin oscillations of UHE neutrinos emitted in gamma ray bursts.
In section 4 we have discussed some particular neutrino trajectories. Firstly, we have studied neutrino oscillations on a circular orbit quite close to BH, with the effect of gravity being dominant. We have obtained the oscillations length, see eq. (4.2). Basing on this expression we have corrected the results of ref. [13] , where analogous expression was derived. We have also discussed the possibility of the suppression of neutrino oscillations when the contributions to the dynamics of the neutrino spin from gravity and electromagnetic field are comparable. Then we have studied neutrino spin oscillations when a particle moves on the orbit with big radius. In this case the contributions of all external fields are of the similar magnitude. Considering the specific characteristics of BH and the accretion disk, we have pointed out that our results may be applied for the description of the spin dynamics of low energy neutrinos. In particular, the interaction of these neutrinos with bosonic dark matter particles, proposed in ref. [28] , can be significantly influenced if neutrinos experience multiple transitions between left-and right-polarized states.
In section 4, we have also studied the radial propagation of UHE neutrinos. It has been shown that the direct contribution of gravity to the dynamics of neutrino spin oscillations is small. However, we have demonstrated that the indirect contribution of gravitational interaction, which affects the motion of background fermions, can significantly change the behavior of the transition probability. We have discussed UHE neutrinos emitted close to a Kerr BH. These particles were taken to propagate through the relativistic accretion disk and interact with a strong magnetic field. In some situations the transition probability can be significantly suppressed. This result corrects the statement of ref. [32] that the amplitude of the transition probability for spin oscillations of UHE neutrinos in a strong magnetic field is close to one.
